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Secants, Bitangents, and Their Congruences
Kathle´n Kohn, Bernt Ivar Utstøl Nødland, and Paolo Tripoli
Abstract A congruence is a surface in the Grassmannian Gr(1,P3) of lines in pro-
jective 3-space. To a space curve C, we associate the Chow hypersurface in Gr(1,P3)
consisting of all lines which intersect C. We compute the singular locus of this hy-
persurface, which contains the congruence of all secants to C. A surface S in P3
defines the Hurwitz hypersurface in Gr(1,P3) of all lines which are tangent to S. We
show that its singular locus has two components for general enough S: the congru-
ence of bitangents and the congruence of inflectional tangents. We give new proofs
for the bidegrees of the secant, bitangent and inflectional congruences, using ge-
ometric techniques such as duality, polar loci and projections. We also study the
singularities of these congruences.
1 Introduction
The aim of this article is to study subvarieties of Grassmannians which arise natu-
rally from subvarieties of complex projective 3-space P3. We are mostly interested
in threefolds and surfaces in Gr(1,P3). These are classically known as line com-
plexes and congruences. We determine their classes in the Chow ring of Gr(1,P3)
and their singular loci. Throughout the paper, we use the phrase ‘singular points of a
congruence’ to simply refer to its singularities as a subvariety of the Grassmannian
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Gr(1,P3). In older literature, this phrase refers to points in P3 lying on infinitely
many lines of the congruence; nowadays, these are called fundamental points.
The Chow hypersurface CH0(C) ⊂ Gr(1,P3) of a curve C ⊂ P3 is the set of all
lines in P3 that intersect C, and the Hurwitz hypersurface CH1(S) ⊂ Gr(1,P3) of a
surface S⊂ P3 is the Zariski closure of the set of all lines in P3 that are tangent to S
at a smooth point. Our main results are consolidated in the following theorem.
Theorem 1.1. Let C ⊂ P3 be a nondegenerate curve of degree d and geometric
genus g having only ordinary singularities x1,x2, . . . ,xs with multiplicities r1,r2, . . . ,rs.
If Sec(C) denotes the locus of secant lines to C, then the singular locus of CH0(C)
is Sec(C)∪⋃si=1{L ∈ Gr(1,P3) : xi ∈ L}, the bidegree of Sec(C) is(
1
2 (d−1)(d−2)−g−
s
∑
i=1
1
2 ri(ri−1), 12 d(d−1)
)
,
and the singular locus of Sec(C), when C is smooth, consists of all lines that inter-
sect C with total multiplicity at least 3.
Let S ⊂ P3 be a general surface of degree d with d ≥ 4. If Bit(S) denotes the
locus of bitangents to S and Infl(S) denotes the locus of inflectional tangents to S,
then the singular locus of CH1(S) is Bit(S)∪ Infl(S), the bidegree of Bit(S) is( 1
2 d(d−1)(d−2)(d−3), 12 d(d−2)(d−3)(d+3)
)
,
the bidegree of Infl(S) is
(
d(d− 1)(d− 2),3d(d− 2)), and the singular locus of
Infl(S) consists of all lines that are inflectional tangents at at least two points of S
or intersect S with multiplicity at least 4 at some point.
The bidegree of Infl(S) also appears in [22, Prop. 4.1]. The bidegrees of Bit(S),
Infl(S), and Sec(C), for smooth C, already appear in [2], a paper to which we owe a
great debt. Nevertheless, we give new, more geometric, proofs not relying on Chern
class techniques. The singular loci of Sec(C), Bit(S), and Infl(S) are partially de-
scribed in Lemma 2.3, Lemma 4.3, and Lemma 4.6 in [2].
Using duality, we establish some relationships of the varieties in Theorem 1.1.
Theorem 1.2. If C is a nondegenerate smooth space curve, then the secant lines of
C are dual to the bitangent lines of the dual surface C∨ and the tangent lines of C
are dual to the inflectional tangent lines of C∨.
Congruences and line complexes have been actively studied both in the 19th cen-
tury and in modern times. The study of congruences goes back to Kummer [20],
who classified those of order 1; the order of a congruence is the number of lines in
the congruence that pass through a general point in P3. The Chow hypersurfaces of
space curves were introduced by Cayley [4] and generalized to arbitrary varieties
by Chow and van der Waerden [5]. Many results from the second half of the 19th
century are detailed in Jessop’s monograph [16]. Hurwitz hypersurfaces and further
generalizations known as higher associated or coisotropic hypersurfaces are stud-
ied in [11, 19, 28]. Catanese [3] shows that Chow hypersurfaces of space curves
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and Hurwitz hypersurfaces of surfaces are exactly the self-dual hypersurfaces in
the Grassmannian Gr(1,P3). Ran [25] studies surfaces of order 1 in general Grass-
mannians and gives a modern proof of Kummer’s classification. Congruences play
a role in algebraic vision and multi-view geometry, where cameras are modeled as
maps from P3 to congruences [24]. The multidegree of the image of several of those
cameras is computed by Escobar and Knutson in [9].
In Sect. 2, we collect basic facts about the Grassmannian Gr(1,P3) and its sub-
varieties. Section 3 studies the singular locus of the Chow hypersurface of a space
curve and computes its bidegree. Section 4 describes the singular locus of a Hur-
witz hypersurface and Sect. 5 uses projective duality to calculate the bidegree of
its components. In Sect. 6, we connect the intersection theory in Gr(1,P3) to Chow
and Hurwitz hypersurfaces. Finally, Section 7 analyzes the singular loci of secant,
bitangent, and inflectional congruences.
This article provides complete solutions to Problem 5 on Curves, Problem 4 on
Surfaces, and Problem 3 on Grassmannians in [29].
2 The Degree of a Subvariety in Gr(1,P3)
In this section, we provide the geometric definition for the degree of a subvariety in
Gr(1,P3). An alternative approach, using coefficients of classes in the Chow ring,
can be found in Sect. 6. For information about subvarieties of more general Grass-
mannians, we recommend [1].
The Grassmannian Gr(1,P3) of lines in P3 is a 4-dimensional variety that embeds
into P5 via the Plu¨cker embedding. In particular, the line in 3-space spanned by the
distinct points (x0 : x1 : x2 : x3),(y0 : y1 : y2 : y3) ∈ P3 is identified with the point
(p0,1 : p0,2 : p0,3 : p1,2 : p1,3 : p2,3)∈P5, where pi, j is the minor formed of ith and jth
columns of the matrix [ x0 x1 x2 x3y0 y1 y2 y3 ]. The Plu¨cker coordinates pi, j satisfy the relation
p0,1 p2,3− p0,2 p1,3+ p0,3 p1,2 = 0. Moreover, every point in P5 satisfying this relation
is the Plu¨cker coordinates of some line. Dually, a line in P3 is the intersection of two
distinct planes. If the planes are given by the equations a0x0+a1x1+a2x2+a3x3 = 0
and b0x0+b1x1+b2x2+b3x3 = 0, then the minors qi, j of the matrix
[a0 a1 a2 a3
b0 b1 b2 b3
]
are
the dual Plu¨cker coordinates and also satisfy q0,1q2,3− q0,2q1,3 + q0,3q1,2 = 0. The
map given by p0,1 7→ q2,3, p0,2 7→ −q1,3, p0,3 7→ q1,2, p1,2 7→ q0,3, p1,3 7→ −q0,2, and
p2,3 7→ q0,1 allows one to conveniently pass between these two coordinate systems.
A line complex is a threefold Σ ⊂ Gr(1,P3). For a general plane H ⊂ P3 and a
general point v ∈ H, the degree of Σ is the number of points in Σ corresponding to
a line L⊂ P3 such that v ∈ L⊂H. For instance, if C ⊂ P3 is a curve, then the Chow
hypersurface CH0(C) := {L ∈ Gr(1,P3) : C∩L 6= ∅} is a line complex. A general
plane H intersects C in deg(C) many points, so there are deg(C) many lines in H
that pass through a general point v∈H and intersect C; see Fig. 1. Hence, the degree
of the Chow hypersurface is equal to the degree of the curve.
A congruence is a surface Σ ⊂Gr(1,P3). For a general point v∈P3 and a general
plane H ⊂ P3, the bidegree of a congruence is a pair (α,β ), where the order α is
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Fig. 1 The degree of the Chow hypersurface
the number of points in Σ corresponding to a line L ⊂ P3 such that v ∈ L and the
class β is the number of points in Σ corresponding to lines L⊂ P3 such that L⊂H.
For instance, consider the congruence of all lines passing through a fixed point x.
Given a general point v, this congruence contains a unique line passing through v,
namely the line spanned by x and v. Given a general plane H, we have x 6∈H, so this
congruence does not contain any line that lies in H. Hence, the set of lines passing
through a fixed point is a congruence with bidegree (1,0). A similar argument shows
that the congruence of lines lying in a fixed plane has bidegree (0,1).
The degree of a curve Σ ⊂ Gr(1,P3) is the number of points in Σ corresponding
to a line L ⊂ P3 that intersects a general line in P3. Equivalently, it is the number
of points in the intersection of Σ with the Chow hypersurface of a general line. For
instance, the set of all lines in P3 that lie in a fixed plane H ⊂ P3 and contain a fixed
point v ∈ H forms a curve in Gr(1,P3). This curve has degree 1, because a general
line has a unique intersection point with H and there is a unique line passing through
this point and v. In other words, this curve is a line in Gr(1,P3).
Finally, the degree of a zero-dimensional subvariety is simply the number of
points in the variety.
3 Secants of Space Curves
This section describes the singular locus of the Chow hypersurface of a space curve.
For a curve with mild singularities, we also compute the bidegree of its secant con-
gruence.
A curve C ⊂ P3 is defined by at least two homogeneous polynomials in the co-
ordinate ring of P3, and these polynomials are not uniquely determined. However,
there is a single equation that encodes the curve C. Specifically, its Chow hypersur-
face CH0(C) := {L ∈ Gr(1,P3) : C∩L 6= ∅} is determined by a single polynomial
in the Plu¨cker coordinates on Gr(1,P3). This equation, known as the Chow form
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of C, is unique up to rescaling and the Plu¨cker relation. For more on Chow forms;
see [6].
Example 3.1 ([6, Prop. 1.2]). The twisted cubic is a smooth rational curve of degree
3 in P3. Parametrically, this curve is the image of the map ν3 : P1→ P3 defined by
(s : t) 7→ (s3 : s2t : st2 : t3). The line L, which is determined by the two equations
a0x0 + a1x1 + a2x2 + a3x3 = 0 and b0x0 + b1x1 + b2x2 + b3x3 = 0, intersects the
twisted cubic if and only if there exists a point (s : t) ∈ P1 such that
a0s3+a1s2t+a2st2+a3t3 = 0 = b0s3+b1s2t+b2st2+b3t3 .
The resultant for these two cubic polynomials, which can be expressed as a determi-
nant of an appropriate matrix with entries in Z[a0,a1,a2,a3,b0,b1,b2,b3], vanishes
exactly when they have a common root. It follows that the line L meets the twisted
cubic if and only if
0 = det

a0 a1 a2 a3 0 0
0 a0 a1 a2 a3 0
0 0 a0 a1 a2 a3
b0 b1 b2 b3 0 0
0 b0 b1 b2 b3 0
0 0 b0 b1 b2 b3
=−det
q0,1 q0,2 q0,3q0,2 q0,3+q1,2 q1,3
q0,3 q1,3 q2,3
 ,
where qi, j are the dual Plu¨cker coordinates. Hence, the Chow form of the twisted cu-
bic is q30,3+q
2
0,3q1,2−2q0,2q0,3q1,3+q0,1q21,3+q20,2q2,3−q0,1q0,3q2,3−q0,1q1,2q2,3.
We next record a technical lemma. If IX is the saturated homogeneous ideal defin-
ing the subvariety X ⊂ Pn, then the tangent space Tx(X) at the point x ∈ X can be
identified with
{
y ∈ Pn : ∑ni=0 ∂ f∂xi (x)yi = 0 for all f (x0,x1, . . . ,xn) ∈ IX
}
.
Lemma 3.2. Let f : X → Y be a birational finite surjective morphism between irre-
ducible projective varieties and let y ∈ Y . The variety Y is smooth at the point y if
and only if the fibre f−1(y) contains exactly one point x∈ X, the variety X is smooth
at the point x, and the differential dx f : Tx(X)→ Ty(Y ) is an injection.
Proof. First, suppose that Y is smooth at the point y. Since Y is normal at the point y,
the Zariski Connectedness Theorem [21, Sect. III.9.V] proves that the fibre f−1(y)
is a connected set in the Zariski topology. As f is a finite morphism, its fibres are
finite and we deduce that f−1(y) = {x}. If Y0 is the open set of smooth points in Y
and let X0 := f−1(Y0), then Zariski’s Main Theorem [21, Sect. III.9.I] implies that
the restriction of f to X0 is an isomorphism of X0 with Y0. In particular, we have
that x ∈ X0 ⊂ X is a smooth point. Moreover, Theorem 14.9 in [13] shows that the
differential dx f is injective.
For the other direction, suppose that f−1(y) = {x} for some smooth point
x ∈ X with injective differential dx f . Let Y1 be an open neighbourhood of y con-
taining points in Y with one-element fibres and injective differentials. Combining
Lemma 14.8 and Theorem 14.9 in [13] produces an isomorphism of X1 := f−1(Y1)
with Y1. Since x ∈ X1 is smooth, we conclude that y ∈ Y1 ⊂ Y is smooth. uunionsq
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When the curve C has degree at least two, the set of lines that meet it in two
points forms a surface Sec(C)⊂Gr(1,P3) called the secant congruence of C. More
precisely, Sec(C) is the closure in Gr(1,P3) of the set of points corresponding to
a line in P3 which intersects the curve C at two smooth points. A line meeting
C at a singular point might not belong to Sec(C), even though it has intersection
multiplicity at least two with the curve; see Remark 3.4.
The following theorem is the main result in this section.
Theorem 3.3. Let C ⊂ P3 be an irreducible curve of degree at least 2. If Sing(C)
denotes the singular locus of the curve C, then the singular locus of the Chow hy-
persurface for C is Sec(C)∪ (⋃x∈Sing(C){L ∈ Gr(1,P3) : x ∈ L}).
Proof. We first show that the incidence variety ΦC := {(v,L) : v ∈ L} ⊂ C ×
Gr(1,P3) is smooth at the point (v,L) if and only if the curve C is smooth at the
point v ∈ C. Let f1, f2, . . . , fk ∈ C[x0,x1,x2,x3] be generators for the saturated ho-
mogeneous ideal of C in P3. Consider the affine chart of P3×Gr(1,P3)where x0 6= 0
and p0,1 6= 0. We may assume that v = (1 : α : β : γ) and the line L is spanned by
the points (1 : 0 : a : b) and (0 : 1 : c : d). We have that v ∈ L if and only if the line L
is given by the row space of matrix[
1 α β γ
0 1 c d
]
=
[
1 α
0 1
][
1 0 β −αc γ−αd
0 1 c d
]
,
which is equivalent to a= β−αc and b= γ−αd. Hence, in the chosen affine chart,
ΦC can be written as{
(α,β ,γ,a,b,c,d) : fi(1,α,β ,γ) = 0 for 1≤ i≤ k, a = β −αc, b = γ−αd
}
.
As dimΦC = 3, it is smooth at the point (v,L) if and only if its tangent space has
dimension three or, equivalently, the Jacobian matrix
∂ f1
∂x1
(1,α,β ,γ) ∂ f1∂x2 (1,α,β ,γ)
∂ f1
∂x3
(1,α,β ,γ) 0 0 0 0
∂ f2
∂x1
(1,α,β ,γ) ∂ f2∂x2 (1,α,β ,γ)
∂ f2
∂x3
(1,α,β ,γ) 0 0 0 0
...
...
...
...
...
...
...
∂ fk
∂x1
(1,α,β ,γ) ∂ fk∂x2 (1,α,β ,γ)
∂ fk
∂x3
(1,α,β ,γ) 0 0 0 0
−c 1 0 −1 0 −α 0
−d 0 1 0 −1 0 −α

has rank four. We see that this Jacobian matrix has rank four if and only if the
Jacobian matrix of C has rank two, in which case v ∈ C is smooth. Therefore, we
deduce that ΦC is smooth at the point (v,L) exactly when C is smooth at the point v.
By Lemma 14.8 in [13], the projection pi : ΦC → CH0(C) defined by (v,L) 7→ L
is finite; otherwise C would contain a line contradicting our assumptions. Moreover,
the general fibre of pi has cardinality 1 because the general line L ∈ CH0(C) inter-
sects C in a single point. Hence, pi is birational. Applying Lemma 3.2 shows that
CH0(C) is smooth at L if and only if pi−1(L) = {(v,L)} where v ∈ C is a smooth
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point and the differential d(v,L)pi is injective. Using our chosen affine chart, we see
that the differential d(v,L)pi sends every element in the kernel of the Jacobian matrix
to its last four coordinates. This map is not injective if and only if the kernel contains
an element of the form
[∗ ∗ ∗ 0 0 0 0]T 6= 0. Such an element belongs to the kernel
if and only if it is equal to
[
λ cλ dλ 0 0 0 0
]T
for some λ ∈ C\{0} and
∂ fi
∂x1
(1,α,β ,γ)+ c
∂ fi
∂x2
(1,α,β ,γ)+d
∂ fi
∂x3
(1,α,β ,γ) = 0
for all 1 ≤ i ≤ k. Hence, for a smooth point v ∈ C, the differential d(v,L)pi is not
injective if and only if L is the tangent line of C at v. Since we have that |pi−1(L)|= 1
if and only if L is not a secant line and all tangent lines to C are contained in Sec(C),
we conclude that CH0(C) is smooth at L if and only if L /∈ Sec(C) and L meets C at
a smooth point. uunionsq
Remark 3.4. Local computations show that the secant congruence of C generally
does not contain all lines through singular points of C. To be more explicit, let x ∈C
be an ordinary singularity; the point x is the intersection of r branches of C with
r ≥ 2, and the r tangent lines of the branches at x are pairwise different. We claim
that a line L intersecting C only at the point x is contained in Sec(C) if and only if L
lies in a plane spanned by two of the r tangent lines at x. The union of all those lines
forms the tangent star of C at x; see [17, 27].
Suppose that x = (1 : 0 : 0 : 0) and L ∈ Sec(C) intersects the curve C only at
the point x. The line L must be the limit of a family of lines Lt that intersect C
at two distinct smooth points. Without loss of generality, the line L is not one of
the tangent lines of the curve C at the point x and each line Lt intersects at least
two distinct branches of C. Since there are only finitely many branches, we can
also assume that each line Lt in the family intersects the same two branches of
the curve C. These two branches are parametrized by
(
1 : f1(s) : f2(s) : f3(s)
)
and(
1 : g1(s) : g2(s) : g3(s)
)
with fi(0) = 0 = g j(0) for 1 ≤ i, j ≤ 3. It follows that
tangent lines to these branches are spanned by x and
(
1 : f ′1(0) : f
′
2(0) : f
′
3(0)
)
or(
1 : g′1(0) : g
′
2(0) : g
′
3(0)
)
. Parametrizing intersection points, we see that the line
Lt intersects the first branch at
(
1 : f1
(
ϕ(t)
)
: f2
(
ϕ(t)
)
: f3
(
ϕ(t)
))
and the second
branch at
(
1 : g1
(
ψ(t)
)
: g2
(
ψ(t)
)
: g3
(
ψ(t)
))
where ϕ(0) = 0 = ψ(0). Hence, the
Plu¨cker coordinates for Lt are(
g1(ψ(t))− f1(ϕ(t))
t :
g2(ψ(t))− f2(ϕ(t))
t : · · · : f2(ϕ(t))g3(ψ(t))− f3(ϕ(t))g2(ψ(t))t
)
.
Taking the limit as t→ 0, we obtain the line L with Plu¨cker coordinates(
g′1(0)ψ
′(0)− f ′1(0)ϕ ′(0) : g′2(0)ψ ′(0)− f ′2(0)ϕ ′(0) : · · · : 0
)
.
This line is spanned by the point x and(
1 : g′1(0)ψ
′(0)− f ′1(0)ϕ ′(0) : g′2(0)ψ ′(0)− f ′2(0)ϕ ′(0) : g′3(0)ψ ′(0)− f ′3(0)ϕ ′(0)
)
,
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so it lies in the plane spanned by the two tangent lines. From this computation,
we also see that all lines passing through x and lying in the plane spanned by the
tangent lines can be approximated by lines that intersect both of the branches at
points different from x. For this, one need only choose ϕ(t) = λ t and ψ(t) = µt for
all possible λ ,µ ∈ C\{0}.
Using Chern classes, Proposition 2.1 in [2] calculates the bidegree of the secant
congruence of a smooth curve. We give a geometric description of this bidegree and
extend it to curves with ordinary singularities.
Theorem 3.5. If C⊂ P3 is a nondegenerate irreducible curve of degree d and genus
g having only ordinary singularities x1,x2, . . . ,xs with multiplicities r1,r2, . . . ,rs,
then the bidegree of the secant congruence Sec(C) is((
d−1
2
)
−g−
s
∑
i=1
(
ri
2
)
,
(
d
2
))
.
Proof. Let H ⊂ P3 be a general plane. The intersection of H with C consists of d
points. Any two of these points define a secant line lying in H; see Fig. 2. Hence,
H
C
1
Fig. 2 The class of the secant congruence
there are
(d
2
)
secant lines contained in H, which gives the class of Sec(C).
To compute the order of Sec(C), let v ∈ P3 be a general point. Projecting away
from v defines a rational map piv : P3 99K P2. Set C′ := piv(C). The map piv sends a
line passing through v and intersecting C at two points to a simple node of the plane
curve C′; see Fig. 6. Moreover, every ordinary singularity of C is sent to an ordinary
singularity of C′ with the same multiplicity, and the plane curve C′ has the same
degree as the space curve C. As the geometric genus is invariant under birational
transformation, it also has the same genus; see [14, Theorem II.8.19]. Thus, the
genus-degree formula for plane curves [26, p. 54, Eq. (7)] shows that the genus of
C is equal to
(d−1
2
)−∑si=1 (ri2) minus the number of secants of C passing through
v. uunionsq
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Remark 3.6. If C ⊂ P3 is a curve of degree at least 2 that is contained in a plane,
then its secant congruence consists of all lines in that plane and has bidegree (0,1).
Problem 5 on Curves in [29] asks to compute the dimension and bidegree of
Sing(CH0(C)). When C is not a line, Theorem 3.3 establishes that Sing(CH0(C)) is
2-dimensional. For completeness, we also state its bidegree explicitly.
Corollary 3.7. If C ⊂ P3 is an irreducible curve of degree d ≥ 2 and geometric
genus g having only ordinary singularities x1,x2, . . . ,xs with multiplicities r1,r2, . . . ,rs,
then the bidegree of Sing
(
CH0(C)
)
equals
((d−1
2
)−g− s∑
i=1
(ri
2
)
+s,
(d
2
))
if C is non-
degenerate, and (s,1) if C is contained in a plane.
Proof. The bidegree of each congruence {L ∈ Gr(1,P3) : xi ∈ L} is (1,0). Hence,
combining Theorem 3.3, Theorem 3.5, and Remark 3.6 proves the corollary. uunionsq
4 Bitangents and Inflections of a Surface
This section describes the singular locus of the Hurwitz hypersurface of a surface in
P3. For a surface S⊂ P3 that is not a plane, the Hurwitz hypersurface CH1(S) is the
Zariski closure of the set of all lines in P3 that are tangent to S at a smooth point.
Its defining equation in Plu¨cker coordinates is known as the Hurwitz form of S; see
[28].
In analogy with the secant congruence of a curve, we associate two congruences
to a surface S ⊂ P3. Specifically, the Zariski closure in Gr(1,P3) of the set of lines
tangent to a surface S at two smooth points forms the bitangent congruence;
Bit(S) :=
{
L ∈ Gr(1,P3) : x,y∈ L⊂ Tx(S)∩Ty(S) for distinct smooth points x,y∈ S
}
.
The inflectional locus associated to S is the Zariski closure in Gr(1,P3) of the set of
lines that intersect the surface S at a smooth point with multiplicity at least 3;
Infl(S) :=
{
L ∈ Gr(1,P3) : L intersects S at a smooth point with multiplicity at least3
}
.
A general surface of degree d in P3 is a surface defined by a polynomial correspond-
ing to a general point in P(C[x0,x1,x2,x3]d). For a general surface, the inflectional
locus is a congruence. However, this is not always the case, as Remark 5.8 demon-
strates.
In parallel with Sect. 3, the main result in this section describes the singular locus
of the Hurwitz hypersurface of S.
Theorem 4.1. If S ⊂ P3 is an irreducible smooth surface of degree at least 4 which
does not contain any lines, then we have Sing
(
CH1(S)
)
= Bit(S)∪ Infl(S).
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Proof. We first show that the incidence variety
ΦS := {(v,L) : v ∈ L⊂ Tv(S)} ⊂ S×Gr(1,P3)
is smooth. Let f ∈ C[x0,x1,x2,x3] be the defining equation for S in P3. Consider
the affine chart in P3×Gr(1,P3) where x0 6= 0 and p0,1 6= 0. We may assume that
v=(1 :α : β : γ) and the line L is spanned by the points (1 : 0 : a : b) and (0 : 1 : c : d).
In this affine chart, S is defined by g0(x1,x2,x3) := f (1,x1,x2,x3). As in the proof
of Theorem 3.3, we have that v ∈ L if and only if a = β −αc and b = γ−αd. For
such a pair (v,L), we also have that L ⊂ Tv(S) if and only if (0 : 1 : c : d) ∈ Tv(S).
Setting g1 :=
∂g0
∂x1
+ c ∂g0∂x2 + d
∂g0
∂x3
, we have L ⊂ Tv(S) if and only if g1(α,β ,γ) = 0.
Hence, in the chosen affine chart, ΦS can be written as{
(α,β ,γ,a,b,c,d) : g j(α,β ,γ) = 0 for 0≤ j ≤ 1, a = β −αc, b = γ−αd
}
.
As dimΦS = 3, it is smooth at the point (v,L) if and only if its tangent space has
dimension three or, equivalently, its Jacobian matrix
∂g0
∂x1
(α,β ,γ) ∂g0∂x2 (α,β ,γ)
∂g0
∂x3
(α,β ,γ) 0 0 0 0
∂g1
∂x1
(α,β ,γ) ∂g1∂x2 (α,β ,γ)
∂g1
∂x3
(α,β ,γ) 0 0 ∂g0∂x2 (α,β ,γ)
∂g0
∂x3
(α,β ,γ)
−c 1 0 −1 0 −α 0
−d 0 1 0 −1 0 −α

has rank four. Since S is smooth, we deduce that this Jacobian matrix has rank four,
so ΦS is also smooth.
Since S does not contain any lines, all fibres of the projection pi : ΦS→ CH1(S)
defined by (v,L) 7→ L are finite, so Lemma 14.8 in [13] implies that pi is finite. More-
over, the general fibre of pi has cardinality 1, so pi is birational. Applying Lemma 3.2
shows that CH1(S) is smooth at the point (v,L) if and only if the fibre pi−1(L) con-
sists of one point (v,L) and the differential d(x,L)pi is injective. In particular, we have
|pi−1(L)| = 1 if and only if L is not a bitangent. It remains to show that the differ-
ential d(v,L)pi is injective if and only if L is a simple tangent of S at v. Using our
chosen affine chart, we see that the differential d(v,L)pi projects every element in the
kernel of the Jacobian matrix on its last four coordinates. This map is not injective
if and only if the kernel contains an element of the form
[∗ ∗ ∗ 0 0 0 0]T 6= 0. Such
an element belongs to the kernel if and only if it is equal to
[
λ cλ dλ 0 0 0 0
]T
for
some λ ∈C\{0} and g1(α,β ,γ) = 0= g2(α,β ,γ) where g2 := ∂g1∂x1 +c
∂g1
∂x2
+d ∂g1∂x3 .
Parametrizing the line L by
`(s, t) := (s : sα+ t : sβ + tc : sγ+ td)
for (s : t) ∈ P1 shows that the line L intersects the surface S with multiplicity at least
3 at v if and only if f
(
`(s, t)
)
is divisible by t3. This is equivalent to the conditions
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that g1(α,β ,γ) = ∂∂ t
[
f
(
`(s, t)
)]∣∣
(1,0)= 0 and g2(α,β ,γ) =
∂ 2
∂ 2t
[
f
(
`(s, t)
)]∣∣
(1,0)= 0.uunionsq
Remark 4.2. If S is a surface of degree at most 3 and the line L is bitangent to S,
then L is contained in S. Indeed, if L is not contained in S, then the intersection L∩S
consists of at most 3 points, counted with multiplicity, so L cannot be a bitangent.
On the other hand, when the degree of S is at least four, the hypothesis that S does
not contain any lines is relatively mild. For example, a general surface of degree at
least 4 in P3 does not contain a line; see [32].
5 Projective Duality
This section uses projective duality to compute the bidegrees of the components of
the singular locus of the Hurwitz hypersurface of a surface in P3, and to relate the
secant congruence of a curve to the bitangent congruence of its dual surface.
Let Pn be the projectivization of the vector space Cn+1. If (Pn)∗ denotes the pro-
jectivization of the dual vector space (Cn+1)∗, then the points in (Pn)∗ correspond
to hyperplanes in Pn. Given a projective subvariety X ⊂ Pn, a hyperplane in Pn is
tangent to X at a smooth point x ∈ X if it contains the embedded tangent space
Tx(X) ⊂ Pn. The dual variety X∨ is the Zariski closure in (Pn)∗ of the set of all
hyperplanes in Pn that are tangent to X at some smooth point.
Example 5.1. If V is a linear subspace of Cn+1 and X := P(V ), then the dual variety
X∨ is the set of all hyperplanes containing P(V ), which is exactly the projectiviza-
tion of the orthogonal complement V⊥ ⊂ (Cn+1)∗ with respect to the nondegenerate
bilinear form (x,y) 7→ ∑ni=0 xiyi. In particular, X∨ is not the projectivization of V ∗,
and (Pn)∨ =∅.
Remark 5.2. The dual of a line in P2 is a point, and the dual of a plane curve of
degree at least 2 is again a plane curve. The dual of a line in P3 is a line, and the
dual of a curve in P3 of degree at least 2 is a surface. The dual of plane in P3 is a
point and the dual of a surface in P3 of degree at least 2 can be either a curve or a
surface.
From our perspective, the key properties of dual varieties are the following. If
X is irreducible, then its dual X∨ is also irreducible; see [11, Proposition I.1.3].
Moreover, the Biduality Theorem shows that, if x ∈ X is smooth and H ∈ X∨ is
smooth, then H is tangent to X at the point x if and only if the hyperplane in (Pn)∗
corresponding to x is tangent to X∨ at the point H; see [11, Theorem I.1.1]. In
particular, any irreducible variety X ⊂ Pn is equal to its double dual (X∨)∨ ⊂ Pn;
again see [11, Theorem I.1.1].
The next lemma, which relates the number and type of singularities of a plane
curve to the degree of its dual variety, plays an important role in calculating the
bidegrees of the bitangent and inflectional congruences. A point v on a planar curve
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Fig. 3 A bitangent and an inflectional line corresponding to a node and a cusp of the dual curve
C is a simple node or a cusp if the formal completion of OC,v is isomorphic to
C[[z1,z2]]/(z21+ z22) or C[[z1,z2]]/(z31+ z22) respectively; see Fig. 3. Both singularities
have multiplicity 2; nodes have two distinct tangents and cusps have a single tangent.
Lemma 5.3 (Plu¨cker’s formula [7, Example 1.2.8]). If C ⊂ P2 is an irreducible
curve of degree d with exactly κ cusps, δ simple nodes, and no other singularities,
then the degree of the dual curve C∨ is d(d−1)−3κ−2δ .
Proof (Sketch). Let f ∈C[x0,x1,x2] be the defining equation for C in P2, so we have
deg( f ) = d. To begin, assume that C is smooth. The degree of its dual C∨ ⊂ (P2)∗ is
the number of points of C∨ lying on a general line L⊂ (P2)∗. By duality, the degree
equals the number of tangent lines to C passing through a general point y ∈ P2.
Such a tangent line at the point v ∈ C passes through the point y if and only if
g := y0
∂ f
∂x0
(v)+ y1
∂ f
∂x1
(v)+ y2
∂ f
∂x2
(v) = 0. Hence, the degree of C∨ is the number of
points in V( f ,g); the vanishing set of f and g. Since deg(g) = d−1, this finite set
contains d(d−1) points.
If C is singular, then the degree of C∨ is the number of lines that are tangent to
C at a smooth point and pass through the general point y. Those smooth points are
contained in the set V( f ,g), but all of the singular points also lie in V( f ,g). The
curve V(g) passes through each node of C with intersection multiplicity two and
through each cusp of C with intersection multiplicity 3. Therefore, we conclude that
deg(C∨) = d(d−1)−3κ−2δ . uunionsq
Using Lemma 5.3, we can compute the degree of the Hurwitz hypersurface of a
smooth surface; this formula also follows from Theorem 1.1 in [28].
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Proposition 5.4. For an irreducible smooth surface S ⊂ P3 of degree d with d ≥ 2,
the degree of the Hurwitz hypersurface CH1(S) is d(d−1).
Proof. Let H ⊂ P3 be a general plane and v ∈ H be a general point. The degree
of CH1(S) is the number of tangent lines L to S such that v ∈ L ⊂ H. Bertini’s
Theorem [13, Theorem 17.16] implies that the intersection S∩H is a smooth plane
curve of degree d. The degree of CH1(S) is the number of tangent lines to S∩H
passing through the general point v; see Fig. 4. By definition, this is equal to the
v
H
S
1
Fig. 4 The degree of the Hurwitz hypersurface
degree of the dual plane curve (S ∩H)∨, so Lemma 5.3 shows deg(CH1(S)) =
d(d−1). uunionsq
Using Lemma 5.3, we can also count the number of bitangents and inflectional
tangents to a general smooth plane curve.
Proposition 5.5. A general smooth irreducible curve in P2 of degree d has exactly
1
2 d(d−2)(d−3)(d+3) bitangents and 3d(d−2) inflectional tangents.
Proof. Let C ⊂ P2 be a general smooth irreducible curve of degree d. A bitangent
to C corresponds to a node of C∨, and an inflectional tangent to C corresponds to
a cusp of C∨; see Fig. 3 and [12, pp. 277–278]. Lemma 5.3 shows that C∨ has
degree d(d−1). Let κ and δ be the number of cusps and nodes of C∨, respectively.
Applying Lemma 5.3 to the plane curve C∨ yields
d = deg(C) = deg
(
(C∨)∨
)
= d(d−1)(d(d−1)−1)−3κ−2δ .
The dual curves C and C∨ have the same geometric genus; see [31, Proposition 1.5].
Hence, the genus-degree formula [26, p. 54, Eq. (7)] gives
1
2 (d−1)(d−2) = genus(C) = genus(C∨) = 12
(
d(d−1)−1)(d(d−1)−2)−κ−δ .
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Solving this system of two linear equations in κ and δ , we obtain κ = 3d(d− 2)
and δ = 12 d(d−2)(d−3)(d+3). uunionsq
The next result is the main theorem in this section and solves Problem 4 on
Surfaces in [29]. The bidegrees of the bitangent and the inflectional congruence for
a general smooth surface appear in [2, Proposition 3.3], and the bidegree of the
inflectional congruence also appears in [22, Proposition 4.1].
Theorem 5.6. Let S ⊂ P3 be a general smooth irreducible surface of degree d with
d ≥ 4. The bidegree of Bit(S) is ( 12 d(d−1)(d−2)(d−3), 12 d(d−2)(d−3)(d+3)),
and the bidegree of Infl(S) is
(
d(d−1)(d−2),3d(d−2)).
Proof. For a general plane H ⊂ P3, Bertini’s Theorem [13, Theorem 17.16] implies
that the intersection S∩H is a smooth plane curve of degree d. By Proposition 5.5,
the number of bitangents to S contained in H is 12 d(d− 2)(d− 3)(d+ 3), which is
the class of Bit(S). Similarly, the number of inflectional tangents to S contained in
H is 3d(d−2), which is the class of Infl(S).
It remains to calculate the number of bitangents and inflectional lines of the sur-
face S that pass through a general point y ∈ P3. Following the ideas in [23, p. 230],
let f ∈ C[x0,x1,x2,x3] be the defining equation for S in P3, and consider the po-
lar curve C ⊂ S with respect to the point y; the set C consists of all points x ∈ S
such that the line through y and x is tangent to S at the point x; see Fig. 5. The
y
C
C′
zL
T
H
S
1
Fig. 5 Polar curve
condition that the point x lies on the curve C is equivalent to saying that the point
y belongs to Tx(S). As in the proof for Lemma 5.3, we have C = V( f ,g) where
g := y0
∂ f
∂x0
+ y1
∂ f
∂x1
+ · · ·+ y3 ∂ f∂x3 . Thus, the curve C has degree d(d−1).
Projecting away from the point y gives the rational map piy : P3 99KP2. Restricted
to the surface S, this map is generically finite, with fibres of cardinality d, and is
ramified over the curve C. If C′ is the image of C under piy, then a bitangent to the
surface S that passes through y contains two points of C and these points are mapped
to a simple node in C′; see Fig. 6. All of these nodes in C′ have two distinct tangent
lines because no bitangent line passing through y is contained in a bitangent plane
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Fig. 6 A secant projecting onto a node and a tangent projecting to a cusp
that is tangent at the same two points as the line; the bitangent planes to S form a
1-dimensional family, so the union of bitangent lines they contain is a surface in P3
that does not contain the general point y.
We claim that the inflectional lines to S passing through the point y are exactly
the tangent lines of C passing through y. The line between a point x∈ S and the point
y is parametrized by the map ` : P1 → P3 which sends the point (s : t) ∈ P1 to the
point (sx0 + ty0 : sx1 + ty1 : sx2 + ty2 : sx3 + ty3) ∈ P3. It follows that this line is an
inflectional tangent to S if and only if f
(
`(s, t)
)
is divisible by t3. This is equivalent
to the conditions that ∂∂ t
[
f
(
`(s, t)
)]∣∣
(1,0) = 0 and
∂ 2
∂ t2
[
f
(
`(s, t)
)]∣∣
(1,0) = 0, which
means that x ∈C and y0 ∂g∂x0 + y1
∂g
∂x1
+ · · ·+ y3 ∂g∂x3 = 0, or in other words y ∈ Tx(C).
Therefore, the inflectional lines to S passing through y are the tangents to C passing
through y, and are mapped to the cusps of C′; again see Fig. 6.
Since the bitangent and inflectional lines to S passing through y correspond to
nodes and cusps of C′, it suffices to count the number κ ′ of cusps and the number δ ′
of simple nodes in the plane curve C′. We subdivide these calculations as follows.
κ ′ = d(d−1)(d−2): From our parametrization of the line through points x ∈
S and y, we see that this line is an inflectional tangent to S if and only if x ∈
V( f ,g,h) where h := y0
∂g
∂x0
+ y1
∂g
∂x1
+ · · ·+ y3 ∂g∂x3 . Since deg(h) = d−2 and S is
general, the set V( f ,g,h) consists of d(d−1)(d−2) points.
deg
(
(C′)∨
)
= deg(S∨): By duality, the degree d′ of the curve (C′)∨ is the number
of tangent lines to C′ ⊂ P2 passing through a general point z ∈ P2. The preimage
of z under the projection piy is a line L ⊂ P3 containing y; see Fig. 5. Hence, d′
is the number of tangent lines to C intersecting L in a point different from y. For
every line T that is tangent to C at a point x and intersects the line L, it follows
that the pair L and T spans the tangent plane of S at the point x. On the other hand,
given any plane H which is tangent to S at the point x and contains L, we deduce
that x must lie on the polar curve C and H is spanned by L and the tangent line
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to C at x, so this tangent line intersects L. Therefore, d′ is the number of tangent
planes to S containing L, which is the degree of the dual surface S∨.
deg(S∨) = d(d−1)2: By duality, the degree of S∨ is the number of tangent planes
to the surface S containing a general line, or the number of tangent planes to S
containing two general points y,z ∈ P3. Thus, this is the number of intersection
points of the two polar curves of S determined by y and z, which is the cardinality
of the set V( f ,g, g˜) where g˜ := z0
∂ f
∂x0
+z1
∂ f
∂x1
+ · · ·+z3 ∂ f∂x3 . Since deg(g˜) = d−1,
we conclude that deg(S∨) = d(d−1)2.
Finally, both the surface S and the point y are general, so Lemma 5.3 implies that
d(d− 1)2 = deg((C′)∨) = deg(C′)(deg(C′)− 1)− 3d(d− 1)(d− 2)− 2δ ′. Since
deg(C′) = deg(C) = d(d−1), we have δ ′ = 12 d(d−1)(d−2)(d−3). uunionsq
We end this section by proving that the secant locus of an irreducible smooth
curve is isomorphic to the bitangent congruence of its dual surface via the natural
isomorphism between Gr(1,P3) and Gr
(
1,(P3)∗
)
. A subvariety Σ ⊂ Gr(1,P3) is
sent under this isomorphism to the variety Σ⊥ ⊂Gr(1,(P3)∗) consisting of the dual
lines L∨ for all L ∈ Σ . For every congruence Σ ⊂ Gr(1,P3) with bidegree (α,β ),
the bidegree of Σ⊥ is (β ,α).
Theorem 5.7. If C⊂ P3 is a nondegenerate irreducible smooth curve, then we have
Sec(C)⊥ = Bit(C∨), the inflectional lines of C∨ are dual to the tangent lines of C,
and Infl(C∨)⊂ Bit(C∨).
Proof. We first show that Sec(C)⊥ = Bit(C∨). Consider a line L that intersects C at
two distinct points x and y, but is equal to neither Tx(C) nor Ty(C). Together the line
L and Tx(C) span a plane corresponding to a point a ∈C∨. Similarly, the span of the
lines L and Ty(C) corresponds to a point b ∈C∨. Without loss of generality, we may
assume that both a and b are smooth points in C∨. By the Biduality Theorem, the
points a,b∈C∨ must be distinct with tangent planes corresponding to x and y. Thus,
the line L∨ is tangent to C∨ at the points a, b, and Sec(C)⊥ ⊂ Bit(C∨). To establish
the other inclusion, let L′ be a line that is tangent to C∨ at two distinct smooth points
a,b ∈ C∨. The tangent planes at the points a, b correspond to two points x, y ∈ C.
If x 6= y, then (L′)∨ is the secant to C through these two points. If x = y, then the
Biduality Theorem establishes that (L′)∨ is the tangent line of C at x. In either case,
we see that Bit(C∨)⊂ Sec(C)⊥, so Sec(C)⊥ = Bit(C∨).
For the second part, let L be an inflectional line at a smooth point a∈C∨. A point
y ∈ L∨ \C corresponds to a plane H such that L = Ta(C∨)∩H, so the line L is also
an inflectional line to the plane curve C∨ ∩H ⊂ H. Regarding L as a subvariety of
the projective plane H, its dual variety is a cusp on the plane curve (C∨∩H)∨ ⊂H∗;
see Fig. 3. If piy : P3 99K P2 ∼= H∗ denotes the projection away from the point y,
then we claim that (C∨ ∩H)∨ equals piy(C); for a more general version see [15,
Proposition 6.1]. Indeed, a smooth point z ∈ piy(C) is the projection of a point of
C whose tangent line does not contain y. Together this tangent line and the point
y span a plane such that its dual point w is contained in the curve C∨ ∩H. Thus,
the tangent line Tz
(
piy(C)
)
equals piy(w∨); the latter is the line in H∗ dual to the
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point w ∈ H. In other words, we have (piy(C))∨ ⊂ C∨ ∩H. Since both curves are
irreducible, this inclusion must be an equality. Hence, when considering L in the
projective plane H, its dual point is a cusp of piy(C). It follows that L∨ is the tangent
line Tx(C), where x ∈C is the point corresponding to the tangent plane Ta(C∨); see
Fig. 6. Reversing these arguments shows that the dual of a tangent line to C is an
inflectional line to C∨. Since every tangent line to C is contained in Sec(C), we
conclude that Infl(C∨)⊂ Bit(C∨). uunionsq
Proof of Theorem 1.2. This result is a restatement of Theorem 5.7. uunionsq
Remark 5.8. Theorem 5.7 shows that Infl(C∨) is a curve, as Infl(C∨)⊥ is the set
of tangent lines to C, so the inflectional locus of a surface in P3 is not always a
congruence.
Remark 5.9. For a curve C ⊂ P3 with dual surface C∨ ⊂ (P3)∗, Theorem 20 in [19]
establishes that CH0(C)⊥ =CH1(C∨). Combined with Theorem 5.7, we see that the
singular locus of the Hurwitz hypersurface CH1(C∨), for smooth C, has just one
component, namely the bitangent congruence.
Remark 5.10. For a surface S⊂P3 with dual surface S∨⊂ (P3)∗, Theorem 20 in [19]
also establishes that CH1(S)⊥ = CH1(S∨). If both S and S∨ have mild singularities,
then the proof of Lemma 5.1 in [2] shows that Bit(S)⊥ = Bit(S∨).
6 Intersection Theory on Gr(1,P3)
In this section, we recast the degree of a subvariety in Gr(1,P3) in terms of certain
products in the Chow ring.
Consider a smooth irreducible variety X of dimension n. For each j ∈ N, the
group Z j(X) of codimension- j cycles is the free abelian group generated by the
closed irreducible subvarieties of X having codimension j. Given a variety W of
codimension j− 1 and a nonzero rational function f on W , we have the cycle
div( f ) := ∑Z ordZ( f )Z where the sum runs over all subvarieties Z of W with codi-
mension 1 in W and ordZ( f ) ∈ Z is the order of vanishing of f along Z. The group
of cycles rationally equivalent to zero is the subgroup generated by the cycles div( f )
for all codimension-( j− 1) subvarieties W of X and all nonzero rational functions
f on W . The Chow group A j(X) is the quotient of Z j(X) by the subgroup of cycles
rationally equivalent to zero. We typically write [Z] for the class of a subvariety Z
in the appropriate Chow group. Since X is the unique subvariety of codimension
0, we see that A0(X) ∼= Z. We also have A1(X) ∼= Pic(X). Crucially, the direct sum
A∗(X) :=
⊕n
j=0 A
j(X) forms a commutative Z-graded ring called the Chow ring of
X . The product arises from intersecting cycles: for subvarieties V and W of X having
codimension j and k and intersecting transversely, the product [V ][W ] ∈ A j+k(X) is
the sum of the irreducible components of V ∩W . More generally, intersection theory
aims to construct an explicit cycle to represent the product [V ][W ].
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Example 6.1. The Chow ring of Pn is isomorphic to Z[H]/(Hn+1) where H is the
class of a hyperplane. In particular, any subvariety of codimension d is rationally
equivalent to a multiple of the intersection of d hyperplanes.
To a given a vector bundle E of rank r on X , we associate its Chern classes
ci(E ) ∈ Ai(X) for 0 ≤ i ≤ r; see [30]. When E is globally generated, these classes
are represented by degeneracy loci; the class cr+1− j(E ) is associated to the locus of
points x ∈ X where j general global sections of E fail to be linearly independent.
In particular, cr(E ) is represented by the vanishing locus of a single general global
section. Given a short exact sequence 0→ E ′ → E → E ′′ → 0 of vector bundles,
the Whitney Sum Formula asserts that ck(E ) =∑i+ j=k ci(E ′)c j(E ′′); see [10, Theo-
rem 3.2]. Moreover, if E ∗ :=H om(E ,OX ) denotes the dual vector bundle, then we
have ci(E ∗) = (−1)ici(E ) for 0≤ i≤ r; see [10, Remark 3.2.3].
Example 6.2. Given nonnegative integers a1,a2, . . . ,an, consider the vector bundle
E :=OPn(a1)⊕OPn(a2)⊕·· ·⊕OPn(an). Since each OPn(ai) is globally generated,
the Chern class c1
(
OPn(ai)
)
is the vanishing locus of a general homogeneous poly-
nomial C[x0,x1, . . . ,xn] of degree ai, so c1
(
OPn(ai)
)
= aiH in A∗(Pn). Hence, the
Whitney Sum Formula implies that cn(E ) =∏ni=1 c1
(
O(ai)
)
=∏ni=1(aiH).
Example 6.3. If TPn is the tangent bundle on Pn, then we have the short exact se-
quence 0→OPn →OPn(1)⊕(n+1)→TPn → 0; see [14, Example 8.20.1]. The Whit-
ney Sum Formula implies that c1(TPn) = (n+1)c1
(
OPn(1)
)−c1(OPn) = (n+1)H
and c2(TPn) = c2
(
OPn(1)⊕(n+1)
)
=
(n+1
2
)
H2.
Example 6.4. Let Y ⊂ Pn be a smooth hypersurface of degree d. If TY is the tangent
bundle of Y , then we have the exact sequence 0→ TY → TPn |Y → OPn(d)|Y → 0;
see [14, Proposition 8.20]. Setting h := H|Y in A∗(Y ), the Whitney Sum Formula
implies that c1(TY ) = c1(TPn |Y )− c1
(
OPn(d)|Y
)
= (n+ 1)h− dh = (n+ 1− d)h
and c2(TY ) = c2(TPn |Y )− c1(TY )c1
(
OPn(d)|Y
)
=
((n+1
2
)− (n+1−d)d)h2.
We next focus on the Chow ring of Gr(1,P3); see [1, 30]. Fix a complete flag
v0 ∈ L0 ⊂H0 ⊂ P3 where the point v0 lies in the line L0, and the line L0 is contained
in the plane H0. The Schubert varieties in Gr(1,P3) are the following subvarieties:
Σ0 := Gr(1,P3) , Σ1 := {L : L∩L0 6=∅} ⊂ Gr(1,P3) ,
Σ1,1 := {L : L⊂ H0} ⊂ Gr(1,P3) , Σ2 := {L : v0 ∈ L} ⊂ Gr(1,P3) ,
Σ2,1 := {L : v0 ∈ L⊂ H0} ⊂ Gr(1,P3) , Σ2,2 := {L0} ⊂ Gr(1,P3) .
The corresponding classes σI := [ΣI ], called the Schubert cycles, form a basis for
the Chow ring A∗(Gr(1,P3)); see [8, Theorem 5.26]. Since the sum of the subscripts
gives the codimension, we have
A0
(
Gr(1,P3)
)∼= Zσ0 , A1(Gr(1,P3))∼= Zσ1 , A2(Gr(1,P3))∼= Zσ1,1⊕Zσ2 ,
A3
(
Gr(1,P3)
)∼= Zσ2,1 , A4(Gr(1,P3))∼= Zσ2,2 .
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To understand the product structure, we use the transitive action of GL(4,C) on
Gr(1,P3). Specifically, Kleiman’s Transversality Theorem [18] shows that, for
two subvarieties V and W in Gr(1,P3), a general translate U of V under the
GL(4,C)-action is rationally equivalent to V and the intersection of U and W
is transversal at the generic point of any component of U ∩W . Hence, we have
[V ][W ] = [U ∩W ]. To determine the product σ1,1σ2, we intersect general varieties
representing these classes: σ1,1 consists of all lines L contained in a fixed plane H0,
and σ2 is all lines L containing a fixed point v0. Since a general point does not lie in
a general plane, we see that σ1,1σ2 = 0. Similar arguments yield all products:
σ21,1 = σ2,2 , σ
2
2 = σ2,2 , σ1,1σ2 = 0 , σ1σ2,1 = σ2,2 ,
σ1σ1,1 = σ2,1 , σ1σ2 = σ2,1 , σ21 = σ2+σ1,1 .
The degree of a subvariety in Gr(1,P3), introduced in Sect. 2, can be interpreted
as certain coefficients of its class in the Chow ring. Geometrically, the order α of a
surface X ⊂ Gr(1,P3) is the number of lines in X passing through the general point
v0. Since we may intersect X with a general variety representing σ2, it follows that
α equals the coefficient of σ2 in [X ]. Similarly, the class β of X is the coefficient of
σ1,1 in [X ], the degree of a threefold Σ ⊂ Gr(1,P3) is the coefficient of σ1 in [Σ ],
and the degree of a curve C ⊂ Gr(1,P3) is the coefficient of σ2,1 in [C].
The degree of a subvariety in Gr(1,P3) also has a useful reinterpretation via
Chern classes of tautological vector bundles. Let S denote the tautological sub-
bundle, the vector bundle whose fibre over the point W ∈ Gr(1,P3) is the 2-
dimensional vector space W ⊆ C4. Similarly, let Q be the tautological quotient
bundle whose fibre over W is C4/W . Both S ∗ and Q are globally generated;
H0
(
Gr(1,P3),S ∗
) ∼= (C4)∗ and H0(Gr(1,P3),Q) ∼= C4; see [1, Proposition 0.5].
A global section of S ∗ corresponds to a nonzero map ϕ : C4→ C, where its value
at the point W is ϕ|W : W → C. The Chern class c2(S ∗) is represented by the van-
ishing locus of ϕ , so we have c2(S ∗) = σ1,1 = c2(S ). For two general sections
ϕ,ψ : C4→ C ofS ∗, the Chern class c1(S ∗) is represented by the locus of points
W where ϕ|W andψ|W fail to be linearly independent or W ∩ker(ϕ)∩ker(ψ) 6= {0}.
Generality ensures that ker(ϕ) ∩ ker(ψ) is a 2-dimensional subspace of C4, so
c1(S ∗) = −c1(S ) = σ1. Similarly, a global section of Q corresponds to a point
v∈C4; its value at W is simply the image of the point in C4/W . Thus, c2(Q) is rep-
resented by the locus of those W containing v, which is σ2. Two global sections ofQ
are linearly dependent at W when the 2-dimensional subspace of C4 spanned by the
points intersects W nontrivially, so c1(Q) = σ1. Finally, for a surface X ⊂Gr(1,P3)
with [X ] = ασ2+βσ1,1, we obtain
c2(Q) [X ] = σ2(ασ2+βσ1,1) = ασ2,2 ,
c2(S ) [X ] = σ1,1(ασ2+βσ1,1) = βσ2,2 ,
so computing the bidegree is equivalent to calculating the products c2(Q) [X ] and
c2(S ) [X ] in the Chow ring.
We close this section with three examples demonstrating this approach.
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Example 6.5. Given a smooth surface S in P3, we recompute the degree of CH1(S);
compare with Proposition 5.4. Theorem 9 in [19] implies that this degree equals the
degree δ1(S) of the first polar locus M1(S) = {x ∈ S : y ∈ TxS}, where y is a general
point of P3 (this locus is the polar curve in the proof of Theorem 5.6). Letting TS
be the tangent bundle of S, Example 14.4.15 in [10] shows that δ1(S) = deg
(
3h−
c1(TS)
)
. Hence, Example 6.4 gives δ1(S) = deg(3h−h(3+1−d)) = (d−1)deg(h).
Since S is a degree d surface, the degree of the hyperplane h equals d, so δ1(S) =
d(d−1).
Example 6.6 (Problem 3 on Grassmannians in [29]). Let S1,S2 ⊂ P3 be general sur-
faces of degree d1 and d2, respectively, with d1,d2 ≥ 4. To find the number of lines
bitangent to both surfaces, it suffices to compute the cardinality of Bit(S1)∩Bit(S2).
Theorem 5.6 establishes that, for all 1 ≤ i ≤ 2, we have [Bit(Si)] = αiσ2 + βiσ1,1
where αi := 12 di(di−1)(di−2)(di−3) and βi := 12 di(di−2)(di−3)(di+3). It fol-
lows that [Bit(S1)∩Bit(S2)] = [Bit(S1)][Bit(S2)] = (α1α2+β1β2)σ2,2, so the num-
ber of lines bitangent to S1 and S2 is
1
4 d1(d1−1)(d1−2)(d1−3)d2(d2−1)(d2−2)(d2−3)
+ 14 d1(d1−2)(d1−3)(d1+3)d2(d2−2)(d2−3)(d2+3) .
Example 6.7. Let S ⊂ P3 be a general surface of degree d1 with d1 ≥ 4, and let
C ⊂ P3 be a general curve of degree d2 and geometric genus g with d2 ≥ 2. To
find the number of lines bitangent to S and secant to C, it suffices to compute the
cardinality of Bit(S)∩Sec(C). Theorem 5.6 and Theorem 3.5 imply that
[Bit(S)] = 12 d1(d1−1)(d1−2)(d1−3)σ2+ 12 d1(d1−2)(d1−3)(d1+3)σ1,1 ,
[Sec(C)] =
( 1
2 (d2−1)(d2−2)−g
)
σ2+ 12 d2(d2−1)σ1,1 .
It follows that [Bit(S)∩Sec(C)] = [Bit(S)][Sec(C)] = γσ2,2 where
γ := 14 d1(d1−1)(d1−2)(d1−3)
(
(d2−1)(d2−2)−2g
)
+ 14 d1(d1−2)(d1−3)(d1+3)d2(d2−1) ,
so the number of lines bitangent to S and secant to C is γ .
7 Singular Loci of Congruences
This section investigates the singular points of the secant, bitangent, and inflectional
congruences. We begin with the singularities of the secant locus of a smooth irre-
ducible curve.
Proposition 7.1. Let C be a nondegenerate smooth irreducible curve in P3. If L is
a line that intersects the curve C in three or more distinct points, then the line L
corresponds to a singular point in Sec(C).
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Proof. The symmetric square C(2) is the quotient of C×C by the action of the
symmetric groupS2, so points in this projective variety are unordered pairs of points
on C; see [13, pp. 126–127]. The map ϖ : C(2)→ Sec(C), defined by sending {x,y}
to the line spanned by the points x and y if x 6= y or to the tangent line Tx(C) if
x = y, is a birational morphism. Since |L∩C| ≥ 3, the fibre ϖ−1(L) is a finite set
containing more than one element. Hence, ϖ−1(L) is not connected and the Zariski
Connectedness Theorem [21, Sect. III.9.V] proves that Sec(C) is singular at L. uunionsq
Lemma 7.2. If f ∈ C[[z,w]] satisfies f (z,w) = − f (w,z), then the linear form z−w
divides the power series f .
Proof. We write the formal power series f as a sum of homogeneous polynomials
f = ∑i∈N fi. Since we have f (z,w)+ f (w,z) = 0, it follows that, in each degree i,
we have fi(z,w)+ fi(w,z) = 0. In particular, we see that fi(w,w) = 0. If we consider
fi(w,z) as a polynomial in the variable z with coefficients in C[w], it follows that w
is a root of fi. Thus, we conclude that z−w divides fi for all i ∈ N. uunionsq
Theorem 7.3. Let C be a nondegenerate smooth irreducible curve in P3. If a point
in Sec(C) corresponds to a line L that intersects C in a single point x, then the in-
tersection multiplicity of L and C at x is at least 2. Moreover, the line L corresponds
to a smooth point of Sec(C) if and only if the intersection multiplicity is exactly 2.
We thank Jenia Tevelev for help with the following proof.
Proof. Suppose the line L intersects the curve C at the point x with multiplicity
2. Without loss of generality, we may work in the affine open subset with x3 6=
0, and we assume that x = (0 : 0 : 0 : 1) and L = V(x1,x2). Since C is smooth,
there is a local analytic isomorphism ϕ from a neighbourhood of the origin in A1
to a neighbourhood of the point x in C. The map ϕ will have the form ϕ(z) =(
ϕ0(z),ϕ1(z),ϕ2(z)
)
for some ϕ0,ϕ1,ϕ2 ∈ C[[z]]. We have ϕ ′0(0) 6= 0 and ϕ ′1(0) =
ϕ ′2(0) = 0 because L is the tangent to the curve C at x. After making an analytic
change of coordinates, we may assume that ϕ(z)=
(
z,ϕ1(z),ϕ2(z)
)
. As L is a simple
tangent, at least one of ϕ1 and ϕ2 must vanish at 0 with order exactly 2. Hence, we
may assume that ϕ1(z) = z2+ z3 f (z) and ϕ2(z) = z2g(z) for some f ,g ∈ C[[z]]. The
line spanned by the distinct points ϕ(z) and ϕ(w) on the curve C is given by the row
space of the matrix [
z z2+ z3 f (z) z2g(z) 1
w w2+w3 f (w) w2g(w) 1
]
.
The Plu¨cker coordinates are skew-symmetric power series, so Lemma 7.2 implies
that they are divisible by z−w. In particular, if f (z) = ∑i aizi, then we have p0,3 =
z−w,
p0,1 = z
(
w2+w3 f (w)
)−w(z2+ z3 f (z))=−zw(z−w)(1+∑
i
ai
i+1
∑
j=0
w jzi+1− j
)
,
p1,3 = z2+ z3 f (z)−w2−w3 f (w) = (z−w)
(
z+w+∑
i
ai
i+2
∑
j=0
z jwi+2− j
)
.
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The symmetric square (A1)(2) of the affine line A1 is a smooth surface isomorphic
to the affine plane A2; see [13, Example 10.23]. Consider the map ϖ : (A1)(2) →
Sec(C) defined by sending the pair {z,w} of points in A1 to the line spanned by the
points ϕ(z) and ϕ(w) if z 6= w or to the tangent line of C at ϕ(z) if z = w. In other
words, the mapϖ sends {z,w} to (−zw+h1(z,w) : p0,2z−w : 1 : p1,2z−w : z+w+h2(z,w) : p2,3z−w)
where
h1(z,w) :=−zw∑
i
ai
i+1
∑
j=0
w jzi− j+1 and h2(z,w) := ∑
i
ai
i+2
∑
j=0
z jwi+2− j .
Since the forms zw and z+w are local coordinates of (A1)(2) in a neighbourhood of
the origin, we conclude that ϖ is a local isomorphism and Sec(C) is smooth at the
point corresponding to L.
Suppose the line L intersects the curve C at the point x with multiplicity at least
3. It follows that the line L is contained in the Zariski closure of the set of lines
that intersect C in at least three points or that intersect C in two points, one with
multiplicity at least 2. By Proposition 7.1 and Lemma 2.3 in [2], we conclude that
the line is singular in Sec(C). uunionsq
Corollary 7.4. Let C be a nondegenerate smooth irreducible curve in P3. If the line
L corresponds to a point in Sec(C), then L corresponds to a singular point of Sec(C)
if and only if one of the following three conditions is satisfied:
• the line L intersects the curve C in 3 or more distinct points,
• the line L intersects the curve C in exactly 2 points and L is the tangent line to
one of these two points,
• the line L intersects the curve C at a single point with multiplicity at least 3.
Proof. Combine Proposition 7.1, Lemma 2.3 in [2], and Theorem 7.3. uunionsq
Analogously, we want to describe the singularities of the inflectional locus Infl(S)
and the bitangent locus Bit(S) of a surface S⊂ P3.
Theorem 7.5. If S ⊂ P3 is an irreducible smooth surface of degree at least 4 which
does not contain any lines, then the singular locus of Infl(S) corresponds to lines
which either intersect S with multiplicity at least 3 at two or more distinct points, or
intersect S with multiplicity at least 4 at some point.
Proof. We consider the incidence variety
ΨS := {(x,L) : L intersects S at x with multiplicity 3} ⊂ S×Gr(1,P3) .
The projection pi : ΨS → Infl(S), defined by (x,L) 7→ L, is a surjective morphism.
Since S does not contain any lines, all fibres of pi are finite and Lemma 14.8 in [13]
implies that the map pi is finite. Moreover, the general fibre of pi has cardinality one,
so pi is birational. To apply Lemma 3.2, we need to examine the singularities ofΨS
and the differential of pi .
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Let f ∈ C[x0,x1,x2,x3] be the defining equation for S in P3. Consider the affine
chart in P3×Gr(1,P3) where x0 6= 0 and p0,1 6= 0. We may assume x= (1 : α : β : γ)
and the line L is spanned by the points (1 : 0 : a : b) and (0 : 1 : c : d). In this affine
chart, S is defined by g0(x1,x2,x3) := f (1,x1,x2,x3). As in the proof of Theorem 3.3,
we have x ∈ L if and only if a = β −αc and b = γ −αd. Parametrizing the line L
by `(s, t) := (s : sα + t : sβ + tc : sγ + td) for (s : t) ∈ P1 shows that L intersects S
with multiplicity at least m at x if and only if f
(
`(s, t)
)
is divisible by tm. This is
equivalent to
∂
∂ t
[
f
(
`(s, t)
)]∣∣∣
(1,0)
= ∂
2
∂ t2
[
f
(
`(s, t)
)]∣∣∣
(1,0)
= · · ·= ∂m−1∂ tm−1
[
f
(
`(s, t)
)]∣∣∣
(1,0)
= 0 .
Setting gk :=
[ ∂
∂x1
+ c ∂∂x2 + d
∂
∂x3
]kg0 for k ≥ 1, the incidence variety ΨS can be
written on the chosen affine chart as{
(α,β ,γ,a,b,c,d) : gk(α,β ,γ) = 0 for 0≤ k ≤ 2, a = β −αc, b = γ−αd
}
.
As dimΨS = 2, it is smooth at the point (x,L) if and only if its tangent space has
dimension 2 or, equivalently, its Jacobian matrix
∂g0
∂x1
(α,β ,γ) ∂g0∂x2 (α,β ,γ)
∂g0
∂x3
(α,β ,γ) 0 0 0 0
∂g1
∂x1
(α,β ,γ) ∂g1∂x2 (α,β ,γ)
∂g1
∂x3
(α,β ,γ) 0 0 ∂g0∂x2 (α,β ,γ)
∂g0
∂x3
(α,β ,γ)
∂g2
∂x1
(α,β ,γ) ∂g2∂x2 (α,β ,γ)
∂g2
∂x3
(α,β ,γ) 0 0 2 ∂g1∂x2 (α,β ,γ) 2
∂g1
∂x3
(α,β ,γ)
−c 1 0 −1 0 −α 0
−d 0 1 0 −1 0 −α

has rank five. Since S is smooth, the first 2 and the last 2 rows of the Jacobian
matrix are linearly independent. If ΨS is singular at (x,L), then the third row is
a linear combination of the others; specifically, there exist scalars λ ,µ ∈ C such
that ∂g2∂x j (α,β ,γ) = λ
∂g1
∂x j
(α,β ,γ) + µ ∂g0∂x j (α,β ,γ) for 1 ≤ j ≤ 3. It follows that
g3(α,β ,γ) = λg2(α,β ,γ)+ µg1(α,β ,γ) = 0. Thus, the line L intersects the sur-
face S at the point x with multiplicity at least 4 ifΨS is singular at (x,L).
It remains to show that the differential d(x,L)pi : T(x,L)(ΨS)→ TL
(
Infl(S)
)
is not in-
jective if and only if the line L intersects the surface S at the point x with multiplicity
at least 4. The differential d(x,L)pi sends every element in the kernel of the Jacobian
matrix to its last four coordinates. This map is not injective if and only if the kernel
contains an element of the form
[∗ ∗ ∗ 0 0 0 0]T 6= 0. Such an element belongs to
the kernel if and only if it equals
[
λ cλ dλ 0 0 0 0
]T
for some λ ∈ C \ {0} and
g1(α,β ,γ) = g2(α,β ,γ) = g3(α,β ,γ) = 0. This shows that the line L intersects the
surface S at the point x with multiplicity at least 4 if and only if d(x,L) is not injective.
Finally, the fibre pi−1(L) consists of more than one point if and only if L intersects
S with multiplicity at least 3 at two or more distinct points, so Lemma 3.2 completes
the proof. uunionsq
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Proof of Theorem 1.1. The first part related to the curve C is an amalgamation of
Theorem 3.3, Theorem 3.5, Theorem 7.3, and Corollary 7.4. Similarly, the second
part related to the surface S is an amalgamation of Theorem 4.1, Theorem 5.6, and
Theorem 7.5. uunionsq
Proposition 7.6. Let S ⊂ P3 be a general irreducible surface of degree at least 4.
If L is a line that is tangent to S at three or more distinct points, then the line L
corresponds to a singular point of Bit(S).
Proof. As in the proof of Proposition 7.1, the symmetric square S(2) is the quotient
of S×S by the action of the symmetric group S2. The projection ϖ from{
({x,y},L) : x 6= y, x,y ∈ L⊂ Tx(S)∩Ty(S)
}⊂ S(2)×Gr(1,P3)
onto Bit(S), defined by sending the pair ({x,y},L) 7→ L is a birational morphism.
The fibre ϖ−1(L) is a finite set containing more than one element if L is tangent to
S in at least three distinct points. Hence, ϖ−1(L) is not connected and the Zariski
Connectedness Theorem [21, Sect. III.9.V] proves that Bit(S) is singular at L. uunionsq
We do not yet have a full understanding of points in Bit(S) for which the corre-
sponding lines have an intersection multiplicity greater than 4 at a point of S. We
know that a line L that is tangent to the surface S at exactly two points corresponds
to a smooth point in Bit(S) if and only if the intersection multiplicity of L and S
at both points is exactly 2. Moreover, given a line L that is tangent to S at a single
point, the intersection multiplicity of L and S at this point is at least 4, and the line
L corresponds to a smooth point of Bit(S) when the multiplicity is exactly four; see
[2, Lemma 4.3]. To complete this picture, we make the following prediction.
Conjecture 7.7. Let S⊂ P3 be a general irreducible surface of degree at least 4. If a
point in the bitangent congruence Bit(S) corresponds to a line L that is tangent to S
at a single point x such that the intersection multiplicity of L and S at x is at least 5,
then L corresponds to a singular point of Bit(S).
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